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In this paper we show that every closed prime ideal in the algebra of bounded
analytic functions on the open unit disk is an intersection of maximal ideals.
 1997 Academic Press
Let H be the Banach algebra of all bounded analytic functions in the
open unit disk D=[z # C : |z|<1]. The maximal ideal space or space of
multiplicative linear functionals on H endowed with the weak-star topol-
ogy of the dual space of H is denoted by M(H). The Shilov boundary
of H  will be denoted by H. Because H is a uniform algebra we may
identify a function f # H with its Gelfand transform f defined on M(H )
by f (m)=m( f ), m # M(H). As usual, we identify D with a subset of
M(H). For a function f # H, let Z( f )=[m # M(H) : f (m)=0] be its
zero set. The hull or zero set Z(I ) of an ideal I in H is defined by
Z(I )=f # I Z( f ). A proper ideal P is said to be prime if for any f and g
in H  with fg # P one has that f # P or g # P. It is well known and easy to
see that if P is a prime ideal in H whose hull is contained in D, then there
exists z0 # D such that P equals the ideal M(z0) of all functions vanishing
at z0 . In particular, P is a maximal ideal. In [12, p. 224] it is shown that
whenever P is a closed prime ideal whose hull meets the Shilov boundary
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of H, then P again is a maximal ideal. The only example of a non-
maximal closed prime ideal known today is the ideal
P=[ f # H : f vanishes identically on P(m)],
where P(m) is a nontrivial Gleason part associated with a point
m # M(H)"D. This question was originally posed by N. Alling [1] (see
also [11, p. 62; 15]). Note that P is an intersection of maximal ideals
(namely of those maximal ideals which belong to the closure of the part
P(m)). In particular, it follows from [7] that the hull of P is the closure
of the part P(m).
In [1] Alling asked whether each closed prime ideal in H is obtained
in this way. In this paper we are now able to show that, indeed, every
closed prime ideal P in H equals the intersection of all maximal ideals
containing P. However, we point out that we are not yet able to conclude
that the hull of P actually is the closure of some Gleason part.
Our proof will be based on Carleson’s original methods used in proving
the Corona Theorem (see [3]), on Guillory and Sarason’s application of
this in [8], on Suarez’s result that H  is a separating algebra (see [16,
p. 242]), and on some preliminary results on closed prime ideals achieved
by the present authors (see [12]).
In what follows, if # is a closed Jordan curve in D , then #0 denotes
the set of interior points of #, that is, the set of points in D which are
surrounded by # exactly once in the positive sense.
Theorem 1. Let P be a closed prime ideal in H . Then P is an intersec-
tion of maximal ideals; in other words
P=[ f # H : f (m)=0 for every m # Z(P)].
In particular, P is uniquely determined by its hull.
Proof. Let us assume first that the hull of P intersects the Shilov
boundary of H , say x # Z(P) & H. Then by [12, p. 224], P=Ker x,
the maximal ideal given by x.
Now assume that Z(P) & H=<. Then, by [10, p. 20; 13, p. 47] the
ideals P and [ f # H : f (m)=0 for every m # Z(P)] are algebraically
generated by a set of inner functions. Thus it suffices to show that any
inner function f vanishing identically on the hull of P belongs to P. So let
f be inner with f |Z(P)=0. Let 0<=< 12 be given. We shall find a positive
integer N independent of f and =, and a function u in P such that
dist( f N, uH) :=inf [& f N+uh& : h # H ]<=.
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Step 1. Note that the union of the complements of the zero sets of the
functions in P is an open cover of the compact set [m # M(H) : | f (m)|=].
By a compactness argument it is easy to see that there exist finitely many
functions f1 , f2 , ..., fn in P such that
,
n
j=1
Z( fj)[m # M(H) : | f (m)|<=]. (1)
Next we choose (according to Guillory and Sarason’s version of the
Carleson curves) a system 1 of simple closed rectifiable Jordan curves in D
with the following properties (see [8, p. 177179; 3, p. 550]):
(a) the curves in the system 1 have mutually disjoint interiors;
(b) there is an absolute constant K (independent of f and =) such
that every point in [z # D : | f (z)|<=] is contained in the interior of some
curve in 1 and | f |<=K on 1.
(c) arc length measure on 1 & D is a Carleson measure such that
|
1
|h(z)| |dz|K1=&2 &h&1
for every h # H1, where K1 is another absolute constant.
Step 2. Let E be the closure of D"1 0 in M(H ), where 1 0 denotes the
set of interior points of the curves in the system 1. We will show that
E & Z(P)=<. To do so, it is enough to show that there exists $>0 such
that
:
n
j=1
| fj |$
on E. In fact, if this were not the case, then there would exist m # E such
that fj (m)=0 for every j # [1, ..., n]. But by (b) above m # E implies that
| f (m)|=. Hence, by (1), m   Z( fj), a contradiction. So nj=1 | fj | is
bounded away from zero on E. We conclude that E is disjoint from the
hull, Z(P), of P.
Step 3. Let S=E _ H. Then S is a closed set disjoint from Z(P).
Hence, by Suarez’s result [16, p. 242244], there exists a function g # P
which has no zeros on the compact set S. Because g does not vanish on
H, g must be an inner function times an invertible outer function.
Without loss of generality we may assume that g is inner. Let g=B, be the
Riesz decomposition of g where B is a Blaschke product and , a singular
inner function. We are now going to choose a factor u of g, such that
u # P (2)
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and
|u|> 12 on E. (3)
In fact, since P is a prime ideal, either , # P or B # P or both. If , # P,
then there exists an Nth root of ,, say ,1N, such that |,1N|> 12 on E.
Trivially ,1N # P. Now, if B # P, then we use another result of Suarez
[17, Theorem 2.6] telling us that there exists a factorization of B such
that B=b1b2 } } } bl B1 } } } BL , where the bj are interpolating Blaschke
products and the Bj are Blaschke products satisfying |Bj |> 12 on E for every
j # [1, 2, ..., L]. Since P is prime, either one of the interpolating Blaschke
products is in P, or at least one of the Blaschke products Bj is in P.
In the first case (see [12, p. 223; 6, p. 319]) P is a maximal ideal, that
is, there exists m # M(H) such that P=Ker m. Thus Z(P)=[m]. Since
f (m)=0, we conclude that f # P. In the second case, let u be one of the
Blaschke products Bj in P. Then u satisfies (2) and (3) above.
Step 4. Choose a positive integer N so that NK > 3 and
(12K1)1(NK&3)> 12 , where K and K1 are the constants in Step 1 (b), respec-
tively Step 1 (c), above. We shall show that dist( f Nu , H )<=.
By duality (see [5, p. 135]) we have
dist( f Nu , H)=sup {} |D
f N(z) h(z)
u(z)
dz } : h # H 10 , &h&1<1= .
Arguing as in [8, p. 177179], we can replace this integral with
dist( f Nu , H)=sup {} |1 & D
f N(z) h(z)
u(z)
dz } : h # H 0 , &h&1<1= .
Because 1 & DE, we obtain by (3) that |u|> 12 on 1 & D. Hence, by
properties (b) and (c) in Step 1, we obtain the estimates
dist( f Nu , H)=sup {} |1 & D
f N(z) h(z)
u(z)
dz } : h # H 0 , &h&1<1=
2=NK |
1 & D
|h(z)| |dz|2K1 =NK&2<=.
So by the unimodularity of u, dist( f N, uH )=dist( f Nu , H )<=. Since
u # P, this implies that dist( f N, P)<=. Because P is closed and = was
arbitrary, we obtain the assertion that f N # P. The primeness of P now
yields that f # P. K
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It follows from work in [12] that any closed prime ideal with hull
entirely contained in the set of nontrivial points is maximal. Here we obtain
the analoguous result for trivial points.
Corollary 2. Let P be a closed prime ideal in H such that the hull of
P is contained in the set of trivial Gleason parts. Then P is a maximal ideal.
Proof. First we note that the hull of any closed prime ideal in a uniform
algebra is connected. For the reader’s convenience, we include a simple
proof. In fact, since P is closed, the maximal ideal space of the quotient
algebra HP can be identified with the hull of P (see [4, p. 12]). If Z(P)
were not connected, by the Shilov idempotent theorem [4, p. 88], there
would exist a function f +P # HP such that f +P=( f +P)2= f 2+P,
with f +P{1+P and f  P. This means that f (1& f ) # P. Since P is
prime, this is impossible. Thus Z(P) is connected.
By Suarez’s result in [17], the set of trivial points is totally disconnected.
Thus Z(P) is a singleton, say Z(P)=[m]. By Theorem 1, we conclude that
P equals the maximal ideal given by m. K
Remarks. (1) Using Bourgain’s [2, p. 165] generalization of
Carleson’s result above, which tells us that we can choose the curves 1 so
that arclength on 1 is a Carleson measure whose Carleson constant does
not depend on =, we get that the closure of any prime ideal in H whose
hull does not meet the Shilov boundary is an intersection of maximal
ideals. We guess that the same result may be true for any prime ideal
in H.
(2) Let P=(S, S 12, S 13, ...) be the ideal generated by the nth roots
of the atomic inner function S(z)=exp(&(1+z)(1&z)). By [11, p. 59; 14,
p. 70], P is a prime ideal. By the aforementioned results we conclude that
P =[ f # H : f |Z(S)=0].
(3) To prove Alling’s conjecture in full, it remains to show that the
hull of any non-maximal closed prime ideal in H is the closure of a
Gleason part. This is not yet known (see [18] for results and remarks
which may be useful in tackling Alling’s conjecture).
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